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Year 2 Further Calculus - hyperbolic differentiation;
solving hyperbolic equations

1. The curve C has equation

mean$ finding %:o -but here we are dealing with a Hyperbolic curve C

y = 31sinhx — 2sinh2x xeR 8

. =

Determine, in terms of natural logarithms, the exact x coordinates of the stationary ()
points of C. ;
(7 =

|

m

. . =2
remembering from Pure Yr | that to find the of & curve =
N

b

o

m

p -

first differentiating the curve -using -}x(smhkx) = kcoshkx
4y - 3fcoshx-leosh2x
dx

and makinﬂ it equal 0

3lcoshx-kcosh2x =O ,giving us a hyperbolic equahon,
which ue need to solve

METHOD |:using cosh double angle identity
first e\ealing vith the cosh double angle -know that : !

€052xz=]=-2sin*x or 2c0s?x -| I

=) oshx =t 2sinh?c-or 2coshix-| '
LOsborne's rule )

...thoosing the latter to match the
linear 3lcoshx term in the equation ;jequation
now becomes:

3| coshx -4 2cosh?x-1) =0
expand. brackets

Ilcoshyx -8oshix+ 4 =0
=) 8coshix -3lcoshx-4 =0

notice this is a quadratic in coshx -using Substifu{-ion:\1=c05hx
8\11-3| y=-4=0 -evaluate on

%
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=)

Subbing the substitution back in: (coshx-4)(8coshx+1)=0
making each brdacket equal O:

8coshx =-|
=Q <%
coshx =-!/g

but know from the properties of the y=coshx graph
that coshx)0 - reject

left with coshx:=4
Ltwo main ways to solve this

WAY | :using definition of inverse cosh |WAY 2:using exponential definition coShx

taking arcosh of both sides COS"X:%(ex*e-x)
x = arcosh (4) (X, =X =
wsing formula booklet definition foOr inverse 2 (e' te ) i} LLZ
tosh : arwsh=Ln (x +/3*1) " eX4e*=g
where x— 4 "e-xu xe
)(_:Ln(l-ltl—_qz—| ) C +' =8€
=) x=1n (4 fi¢) -ge¥+1=0

nohcmg this S a qqadrq{tc in e
(using substitution \3 zeX

1 yt- 83 +| =
busing yuation solver or
= 8&l-e1t-4(1)(1)
<

vl

gtfey-y

2
g tJeo _ g t[isxy
2 2

8+ 2/i5
2

= y=ttis

Subbing in y= e
eX =z 4iis
taking ln of both sides

"




DO NOT WRITE IN-THIS AREA

DO NOTWRITE INTHIS'AREA

xzln(Yy £his)

Question 1 continued

METHOD 2:using coshx hyperbolic definition
3 (-%(exi-e"‘)) - li("i(eu +e—2x)) =0

= M(eX4e™) -2 (e +e™) =0

:-7. x2

- -2x\ _
S3l(e*+e™) -4 (e +e ) =0
expand. brackets and evaluate index powers

e+ 3l -ye? -4 -0

e e
votX v oX

=) 3% 4 3)eX-YUe**_y=0
taking all terms td0 RHS
he*®-21e3*-31eX+4:0 )
notice this is a quartic in e* -use the substitution y=e
"hj"-3|33-3l\\1+'1 =0
calcequation Selver
only real roots:
\1: Hijl_é
Subbing eX back in
eX= 4115
taking 109s of both sides
x:=ln ("l ".'.JTS')

(Total for Question 1 is 7 marks)

3
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Year 1 Complex numbers - complex loci and points of intersection

2. In an Argand diagram, the points 4 and B are represented by the complex numbers
=3 +2i and 5 — 4i respectively. The points 4 and B are the end points of a diameter of
a circle C.

(a) Find the equation of C, giving your answer in the form

lz—al=b aeC, beR

3)
The circle D, with equation |z — 2 — 3i| = 2, intersects C at the points representing the
complex numbers z, and z,
(b) Find the complex numbers z, and z,

(6)

(a) know from Core Pure Yr | that if a loci of points S given inthe form

l2-a|=b
then it represenfs o u‘rcle' ‘a' and b
- therefore {irst finding the 04 this cirde by finding the

midpoint of the two end points of the diameter of C i.e A and
bsame as finding the average of ‘x' and ‘y' coordinates

=315 2

and using fact that coordinates (9;5) are used
to represent the complex number a+bi

Sya=
‘next {inding -know of circle‘SO {it\ding distance from
centre to any of A or & -using d=J(x,-x,)* +(y,-y,)*
with A: with B

d=J(-3-0*+(2--1)F  d=]E-0T+(a--1)?
-[16+9 =[5 =5 = J(w)*+(-3)2
= ‘ 16 .,.q =\r;; =S
=) b=

Subbing these into qeneral Loct equaton

He-( =
=) 2-\+L=§

P 6 2 6 7 1 A 0 4 2 8



DO NOT WRITE IN-THIS AREA

DO NOTWRITE INTHIS'AREA

Question 2 continued
(b) question is basicalhj qskin3 us 0 find p.0.( between two circles -
the best way to do this is to solve the Cartesian equations simultaneously
L know of C as and
~using Cartesian equation of a circle :(x'x,)"*(\j-\j')z:rz

C (-1t 4(y-1\ =25 -0

noWw for O -rewrite {ts general loci equation form. such that can read its
and straight from it:

=)

Subbins this into the Cartesian equation of a circle

=) -®
need to solve 0 and ® simultaneously :. expanding both equations
...for C.'- ...for
xt=2x+rytr2yt =25
=) x qi-1x 42y =230 | XMyP-lx-€y= -7 -0
solving 0 and © Simultaneously
0-0 _ a4yt -2x 429 =23
x? 44t -4 -6y = -9
2 +%y =32

from  can either make ‘x' the subject and sub into ® of @
or make ‘' the subject and sub into O or ©

wAY 1: make ‘x' the Subjed: WAY 2:make “y'the Subjcd:
2x = 32-8y 8y=3%2-2x
=2 R g %8
X = |6""Ij 1 = 32-2x - IG_—_JL
sub into any of ® or ®,eq.0 8, 4
(I6-H~J)z+~j" =2(16-44) #29=23 Sub into any of © or ® €q.0
expand brackets x4 [16-x)\2 6-XY_
P "(T) 2’”2(7 )=23

256-|28\_1% |6~jz %12-32 -lvgj +29:23

) expand brackets
collect like terms e

5



Question 2 continued

\?11-”%14&20!-'-0

-"0“
»lp

)2

\1:

Sub into © to qet x'

—uhen tg- ?'

x= |6 H( )
L a(59)
-when 3= 3,
= 16-4(32)
=16-12 =4
) (43)
using fact that (a)b) represents

complex number atbt
) 2215+ 53

2, - qn,i

i+ (16-x)"_ 35 4 16-x - 23
16 2
x16 xl6

l6x* +(\6 x)? 32)( +8(16-x) =363

expan bracket

16xt 4256 - 32x+x =325 +128-8x =363
collect like terms

[Fx2-32x #16=0

= x = 4
=) X Hor'-,

-uhen X = ':';’Sub into  for“y':
\J: |6"’
l.|

[
> (5,2
-uhen %= =l

= 16- '-t _12
k| 5 "
=) (43)
using fad that (a,b) repce Sef\f
complex numbers ‘a+b;'
Y4 6.
D93 T !

2,= 4+

- 8%
¥
2
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Year 2 Modelling with differential equations - solving second order
m— non-homogenous differential equations and evaluating them

3. A scientist is investigating the concentration of antibodies in the bloodstream of a patient
following a vaccination.
The concentration of antibodies, x, measured in micrograms (pg) per millilitre (ml) of
blood, is modelled by the differential equation

2
10095 4 609 & 135 = 26
de? d¢

where ¢ is the number of weeks since the vaccination was given.

(a) Find a general solution of the differential equation.

“4)
Initially,
* there are no antibodies in the bloodstream of the patient
+ the concentration of antibodies is estimated to be increasing at 10 pg/ml per week
(b) Find, according to the model, the maximum concentration of antibodies in the
bloodstream of the patient after the vaccination.
(8)
A second dose of the vaccine has to be given to try to ensure that it is fully effective.
It is only safe to give the second dose if the concentration of antibodies in the
bloodstream of the patient is less than 5 pg/ml.
(c) Determine whether, according to the model, it is safe to give the second dose of the
vaccine to the patient exactly 10 weeks after the first dose.
(2)
(a) noticing this is a non-hsmogqenous 200€
A€ 100m*+60m +13=0
- DY
. ‘ )
m==-60 J(60)*-4(100)(I3)
2(100)
-3
= -GOtJ-\GOO ‘KQ "'J;’Q’ .
o0 - ——— =32 - p340.
- X009 10

notice the colutions to the are in the form ot 1p( - Substi’cuting into
corresp0n.d.in.3 C.F formula : x= e.’“’(Acos Bt + BsinBt)

=) S xs Q'°°3t (Acos0.2t +Bsin0-2t)

nou for looking at table\/

Form of f(x) IForrn of particular integral
k A
- 1
le+ x’) ax+b | A+ ux
dx - ax? + bx + ¢ A+ px + vx?
— .,o keP AeP”
d't M COS WX b, Acoswx + psinwx
— 8 msin wx Acos wx + psinwx
m cos wx + n sin wx A cos wx + psin wx
P 6 2 6 7 1 A 0 8
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DO NOT WRITE IN-THIS AREA

DO NOTWRITE INTHIS'AREA

Question 3 continued dix _

atd
Subbing into 200€
l0o(0) +60(0) +132=26

=) 132226
<1y =13

N=2
and {ollom’ng rule that G.S=C.F+P.T

s e,’aw(AcosO.z{- +Bsin0.1t) +2

(b) cohsidering ‘initial conditions":
at t=0, x=0 sub into above

0 =é°’3(°) (A cos(0.2x0)+ Bsin(0.2%0)) +2
=) 0:A+2 =)A=-2
at {-=0, %_).: = |0

differentiating using product rule and %{el‘hke“,
d (sinkt) = d = - ksinkt
5 (sink#) keoskt and dt(coshl:) sin

& 2-0.3¢%% () 050244 Bsin0.2¢) +€ ¥ (0,212 5in 0.2 +0.28c050:24

sub in initial condition
10 =-0.3¢ 03O [-2.¢05(0.250) + B5in (0.240)) + ™3 (0.4 sin(0.240)
+0.28¢0s (O.Zkg
10 =-0.3(-2)40.28

10=0.6+0.28

=)0.28 =9.4
<0.2 <0.2

=43
subbing into
P.L = e'o'%( 050.2t + S(I\O.‘H:) +2

now using from Pure Yr | that max.concentration occurs uhere %
9

NN 0 Turn over
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Question 3 continued

now differentiate using product rule and equate to O

i_’: =-0.3¢" 23 (-2c050.2t + 43 s5in0.2t) +€723F (0.4 5in0.2¢ + 9.4 cos 0.2)=0

Solving abeve for the’L' at uhich the max. concentration
occurs - factorise 270 out

o 03¢ [cos (0.2£)(0.6 +9.4) + sin (0.2¢) (-14.1 +o.t|)] =0

=) e,'o'%[IOcoso.ll: - I‘s.?-siAO-zt] =0
maku’ng each bracket equal 0

e 310 ~left uith 10c0s0.2¢-13.35in0.2£= 0

o bt = T
P - +€050.2¢
- S_ ~refect 10 = 13-#sin0.2¢
c0$0.2t
=)13.74an0.2t=10
<133 =133

=) tano0.2t = 19
13.7

=0.630.

£0.2
=) £:3.152....veeks
Subbing this ‘¢'into
x=e 03 2) (436in(0.2%3.152..)- 2eos (02 %3 1521 )2

=) =12.1 ug/ml

(<) need to see if the concentration of antibodies at £=10 is £or) S

x = 02(0) (-2cos(0 2x10) +4Fsin(0.2x10))+2

= e-s(-lcos (2)+4%Fsin2)+2
=4.16.. LS

p 6 2 6 71 A 01 0 2 8
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Question 3 continued

77

=) it would be safe to qive second dose/,

(Total for Question 3 is 14 marks)

1
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Year 2 Complex numbers - using DMT to convert multi-angle trig
functions into high trig powers; solving related equations

4. (a) Use de Moivre’s theorem to prove that

sin76 = 7sinf — 56sin*0 + 112sin’H — 64sin’ 6
()
(b) Hence find the distinct roots of the equation

1+ 7x — 56x° + 112x° — 64x7 = 0
S))

giving your answer to 3 decimal places where appropriate.

(a) question is asking us to convert multi-angle trig expression to high triq powers
.-.{.ououinﬁ usual steps:
step I: rewrite LUS of the equation as a pouer tothen evaluate (t using
OMT on the RHS

(Coseusine); = €0530 +isin#6

step 2:evaluate the on the LHS
(c050)7+ ( 7) (cos0)8 (isin®)' + (1) (co50)*(isin®)" + () (cose)*isine)?
# () (cos0)(isin0)*+ () (cos0)?(isin0)" + ( Z)(co50) isin®)*+ (isend)’

. . o ." °
evaluate choose function and simplify ::2-:0.—'
i>=-
14 =

? : .

=050 + 7ic0s°0'5inB -2[ 0550 $in’0 -35i cos" B 5in >0 + 35053 Osin*0
+2]i05%05in"0 -Fc0505in®O -isin?g step 3:

buat the question only asks for the sin3O -Xompere imaginary parts

$in 30 =305°05in0 -35¢0540 5in0 +2] 0520 $in’O -SinO

and need RHS interms of powers of sin ~replace all cos uith main
Pythaqorean identity rearranged: cos@ =1-sin@
=3(1-5in20)° 5in® -35 (1-5in?0)" sin®0 + 21(I-5in*0)sin*O
-sin?0
have t0 expand brackets
=3 (1-3sin?0 + 35in*© -5in€0 )$in® -35(1-25in?0 + sinYg) sin*0
+21(1-5in*0) sin%0 - sin?*e

p 6 2 6 71 A 0 1 2 2 8
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Question 4 continued

=2sin0 -215in*0+ 215in0 - 35in*0-35sin 30 +20sin’0 -3§sin?6

+2]sin®0 -2Is5in*O - sin?O
collect Like powers
#5inIO = 3sin®-S6sin30 +1125in%0 -6Ysin?O

(b) notice how the equation in (b) is formed by making the subst itution:

X=5in0 into equation for sin#6 and adding 1 onto the LHS

sin30 41 = Fx -S6x s 1125 -64x? =0
need to Solve sin16 +1 =0
=) Sin}6=-|

F0=sin"'(-1)

WAY I: evaluate in deqrees (in green indicated use of sin angle law)

+0:-90° 180°-(-90°) =230°
-3¢0°
-450°, 180°-(-450°) =630°
') #0=-450%-90° 230°630° .
- -4so° -90° 230° 650"
?‘ ) ?' ) 9', 2
qubina %x=5inO bakin

X=5ind = Si.n(‘LL%(_).)' Sin ('ﬂ)°) sir\( —=

* A
= -0.90096...,-0.22252...,0.6234...
:-0.901,-0.223,0.623, | (3d.p)

HAY 2:radians

30 = -1y (n--111,) =3/,
(-24)
-3Sn so\\z=%a
5 -C)) =4
=)30:-5A -a 30 3In
2) 2, 2) 2
-3 ¥
e: ‘_s_’_‘ -0 30 In

141 149) 14, 74

P 6 2 6 71 A 0 1 3 2 8
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Question 4 continued

Subbing in X=5inB

—)

1
1#-0.901,-0.223,0.623, | (3 d.p)|

14
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Question 4 continued

(Total for Question 4 is 10 marks)

Sttt ototetetetete!
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Year 2 Further Calculus - differentiation and integration of inverse
trig expressions; mean value of a function

5. (a) y=tan'x

Assuming the derivative of tanx, prove that

dy 1
dx 1+x?
3)
f(x) = xtan'4x
(b) Show that
Jf(x) dx = Ax*tan™'4x + Bx+ Ctan'4x + k
where k is an arbitrary constant and 4, B and C are constants to be determined.
(3)
. : J3
(c) Hence find, in exact form, the mean value of f(x) over the interval O,T
(2)

(a) \j=’cun"(-\c)
taking tan of both sides
tany stantan!(x)
=) tany=Xx
differentiate impl(citlj—assuming

4 = secl)
dx({:anx\

sec? y %‘j)( =

and rearrange for dy
=coc? 2 coct
~Sec jd o - §ec’y
dx  secty
but need expression in terms of ‘x'-
use the identity : secty=l+tan?y
[ [

=y dy o 1

ax  l+tanty |+ x?

(b) see straight auay that we're asked to integrate the product of a linear ‘x' term
and an inverse triq fuaction ~hiats at need for 1.6.P
...uSIng pneumonic for uhat should be the “':

16

P 6 2 6 71 A 0 1 6 2 8
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DO NOT WRITE IN-THIS AREA

DO NOTWRITE INTHIS'AREA

) . Logs
Question 5 continued .
HESHION = CORTIEE | nverse trig functions (/) | W=tan "(4x)

; : dif4 erentmkc-usmg chain rule
Alqebraic expressions e sult i part-La)

Trig X | x
. 2 Vs
Exponentials I+ x) .
—" v T

1+16x?
and using 18P _[qv dx = uv-Iu‘v dx
_ ; < Xyq (4
_)Jx{-an (4x) dx = .Z’can '(Lx) \{ |+I6x‘( z)

factorise /o Out

J ..._ b
jx{m-u(qx,dx -—fan (4x) |+’l(6x

U from the uays to integrate a fractional expression:

Fractional expressions (e X§ \ained more

da. Can | spl e numerator? on pq 2| -end of )

Is there a single term in the denominator?
4b. Can | do partial fractions?
Does the denominator factorise?
4c. Can | do al ion?

Is the fraction improper?

METHOD [ :could manipulate the inside of the u\{gqrq[ to then
numemntor =2 Separate fractions

! 16"+l _
split inteqral

sinh x cosh x - + dx
cosh x sinh x
tanh x Ingpsh x

— [5] I+l < @ tooking at formula booklet

al_x . ko see uhich standard
- o 7] result to use

rllfal arcosh [i) In{x +Vx" —a’} (x>a)

,l = arsinh [5) In{x +x* + a’}

a’ +x
alixl il Zti =lar‘tanh[ J (|x] < a)

A T 17
X —a 2a |x+a

e 0 R TR HR Turn over



o
S m—| — dXx
8 KIG\(J:"f'/((,

al=z
, = 'y
|

L x

128 [ l/q QrCfﬂn( a/.’)] +k
|

23 [ Y arctan (l-m)]H(

= ! arctan (4x)+k
32

-
-

and finally subbing allinto |.p.p

jxtan"(‘ul dx = %‘:_zm-'(q)c] + t arctan (4x) +k

=) A: l/z, B ] 'I/g’ (= '/sl
HAY 2: inteqration by substitution

let tanu =4y

du using chain rule on inverse triq result tor (b)
dx < i
[ +16x?
T) X _ |4l6x?
du Ty
=) dx= 1+16x2 gy
g

sub into integral

//( = )d\(

-~

= szd\t

=f( )zd\c

- |

T taniu du
flom Pure Yr |- don't know Standard result
for [tanudu - using identidy: tanly=sectu-|
)
= IT; fseclu-l du



inteqrate using Jsec’q dy : tanu+c

= |
Question 5 continued 16 [ tan ]
need in terms of “x':

" 16 [tan ) - ]+
s ’,l'c' (L;x,-{an"(‘lx)) th
expand i in

=Subbing into 1.8.P

= zlx"cor\"('-lx) --Z'-( ) +k

E'x‘i-an"(kx)-éx +,$L2 tan~!(tx) +k
(c) Subbing into formula for mean value of a function

—. 1 b

F) = Ilf(x) dx

uhere ;020 and f(x) =xtan™ (4x)

_ |
__f xtan~'(4x)dx

know indefinite integration from (b)-
evaluate at

-._’[ ]

4 ¢ 3 B,
&%32(%) 32 7 6}
S B L R )

'E(sz %+'a|'c)

collect s

4 (a0 _J3

AT =£§(_L'__l§)

18
— R 000 0 A
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[ )
Question 5 continued

expand.

N EY

19 29

or qet common denoOminator

-8
!

DO NOT WRITE IN - THIS AREA

Reminders:

Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:
» using basic indices rules to simplify and expand brackets
o\ 2 Kl = x

x
= yo-b
o =X

2 ineans 2 x71
° & 5 °

2
o (V)or¥x® =xb

Factorising and maybe cancel first

Is there a single term in denominator?

v v

split fractions using ? = §+ E or(a+b)c™?

Then ask yourself:

+1
L1 Isitan easy power type? [ x"dx = *—
2. IsitIn (natural logarithm)? Form j');((—::dx

To recognize these, the power in the denominator is {almost

always) 1. When you bring the denominator up to the
numerator using negative power indices rule you get a power
of—1. By adding one to the power and dividing it, you'll end
up dividing by zero which you can’t do

™ dx +C

Method: copy In(denominator). Remember ignare then
_to check you get what is inside the integral -
correct with numbers only, not variables and only correct by
multiplying or dividing. We can ignore the pink part since the
derivative ‘pops’ out when we differentiate and we know

“DO NOT WRITE INTHIS AREA

when we differentiate our answer it must be what is inside
the integral).

3. Isitbring up and harder power type? Bring the power up and
becomes the form[ f'(x)f (x)" dx = -+ G
Recognisable by a power in the denominator other than

-‘-(Tﬁ—’ﬂ! = [4x(2x% - 10)dx etc

4. IsitPartial fractions! Recognisable by products in the

denominator.
A B

Eronnn - a5 =7
= B C
@ argr  axee | Farg | Garar
(only advanced courses have this form)
_ 4 Bx+C
rerreg) - deve | Frivg

Form 1

Form 2

Form 3

5. Isitdivide first? Recognisable by two or more terms in the
denominator and also where we have the matching highest
powers in both numerator and denominator or a higher
power in the pumerator

6.  Rewriting/adapting fraction in a clever way (split up the

to get two fractions)

7. Isitinverse trig? (may need to complete the square first)
Either use the inverse trig results below or use a trig

substitution

1 (bx
sin (—)+C
a

£
e =
f\)azn(bx)z * b

1 1 . (bx
fu—dx = —cos 1(—)+C
va?— (bx)? b @

J.; dx = i%’.arrl (b_x)+c
a? + (bx)? " ab a

DO NOT WRITE IN THIS AREA

(Total for Question 5 is 10 marks)
L J
19

R RO Turm over »
P 6 2 6 71 A 01 9 2 8




Year 1 Matrices - finding inverse of a matrix; consistency of systems of linear equations

7
1

k 5
M=|1 1 where £ is a constant
2 1

[y

(a) Given that k # 4, find, in terms of £, the inverse of the matrix M.
4)

(b) Find, in terms of p, the coordinates of the point where the following planes intersect.

2x+ 5y +7z=1
x+t yt+ z=p
2x+ y— z=2
3

(c) (1) Find the value of ¢ for which the following planes intersect in a straight line.

dx+ 5y +7z=1
xt yt z=g¢q
2x+ y— z=2

(i1) For this value of ¢, determine a vector equation for the line of intersection.

Q)

(a) remem lering the steps to {inding the inverse of a matrix
step I : find det(m)

- (I (1 (|
-kll -:l'g!z -|| "?'(z ||
=k (A-1)-5(-1-2) +3(1-2)
k(-2) - $(-3) +2(-1)

expand brackels

-2k+15-7

-2k+8 or 8-2k

step 2: find matrix of minors (.e each element replaced by the det.of the

2v2 maltrix left after all elements inthe rows and tolumns correspondiag
to that choSen element are deleted

-2 -3 -1 -2 -3 -1
Mminers = (.g-:; -k-14 k-10 ) = =12 -k-It «-ID
$¥ «-¥+ k-S -2 k-3 k-5

step 3: matrix of cofactors (.e change thesiqn of elements uith *~ve'

[ 2.3 -1
( C= ( 12 k14 [0-K
-2 3k k-§

P 6 2 6 71 A 0 2 0 2 8
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Question 6 continued

step % : need Tie keep main diagonal and suap positions
of highlighted.

a b cC 22 3 =1
4 e f) LT= ((z k- 1Y ;-u)
q h -1 10-k k-§
.Ml
step §: M7= Ty CT
l -?. 3 -2
SHIMT e — (—:z -k-1Yy ?—k)
g-2k \ -1 10-k k-¢

(b) WAY I:using matrices

notice we're cjive‘n a system of linear equationS-hence need to {ind the
p-0-L i.e Solve for ("' ) 4 using general formula for matrix equations:

Mx =y —sPh‘Hing (nto matrix of coeﬂccienfs) variables and tonstants

(3 3)0)-(

. - -l
and Solve for (x) ~oaultiply LHS of each scde of the equation by M

(1)) ()

and seeing how,comparing above inverse matrix tothat in part(a)
k=2 - subbing into

M-l - _l_ -2 2 =2
Tyl 3 -2\ 4-2)
-l wv-2 2-§
-) X (-2 12 -2 (
JORGESVH
-1 8 =3 2
RHS matrix multiplication =“rowsinto columns”
T\_ L [avl2p-h -1 +3p-|
( =4[ 3-l6p+¥i0 | = _i Y+ S
-1 +8p -6 Yy~ ‘53
-1 -

21



Question 6 continued

=) X = 3p-3/2

X
NAY 2:alqebraically -solving 3 variable simultaneous equations for ( )
2x + S-\j +?2=| -0
xXtyt+ 2=pP o
2x +Y-2=2 -0
eq.elim.x' from ®and @  elim.x' from @ and ©
0720 2+ Sy+d2=| 002042y +22=2p
T 29 +2E=2p “Aqx iy -2:=2
39 +52=[-2p Ytz =2p-2

elim.’4' from  and
34492 =6p-6
3y+S2=-2p+|

b3 =%p-7
sy =y

sub this into any of or eg.into

y+3( )=2p-2
expand
-2l =2p-
y+ép S =2 2
=)
sub this into any of 0,@ or @ eq- @

X+ + =p
= x = 3p-“/y
x=3p=3/;

() (i) METHOD I: checking consistenc
recognising that for the planes to intersect in a straight line - def(A)=0

P 6 2 6 71 A 0 2 2 2 8
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and the system of linear equations must have infinitel

H\ej muSt be consistent with each other

~if we elim.one of the X, Y,
would have to be consistent uith one another

kx+Sy+P2=| -0
X+Yy+ 29 -0
x+Yy-2=2-06

WAY 1:elim.
}x@-@ }x{-?\J "'}2"-':"?,
~Ux +Sy +72= |

3x+24y=3q-|
+O, X+y t 2 =q
2)C+j-2 =2

3X+2\j =q+2

we know the rQSulting
have t0 be
onsistent r.e their RHS
has to be equal

)

=) 6q=3
%a. +6
q:=2

WAY 2:elim. ‘!

0-4@ Ly 4 Sy+¥2 =|
“hx+ly+2:4q

3t 32 =|-kq
2@ -0
_2x+2-3+22 =2q
x4y -2=2
y+32=2-2
we know that the rem\{ing
have to be
Consistent (.e RHS has
to be equal
1
=)6q =3
-ZGCL =6
=) q's ‘/2_

METHOD 2 : finding p-0.t of the planes
first trying to solve @ and © sim\all-aneouslj (doesn't involve ‘a’) eq.let

y manj solutions meam'nj

variables to form three equations these

WAY 3:elim.’y'

5x@ -© 5x+sj*Sz=Sq

Tix 4 Sy+F2= |
X-232=5q-|
00 2x +y-23=2
=X +y+2=9q
X-22=2-q

He know that the reswll-ing
have to be

consistent i.e RHS has to
be equal
=) 6423
<6 1 7
=) q= /z

bx45y=|
2x 4y =2
elim. x
bx+Sy=|
Yx +29=4
3y=-3
=3 =3
—subbing into any of = or = to get ‘x" eg.
hx+S(-1) =1
expand brackets

4x =6
=) x:‘/q = |.s



because ‘intersect in a Straight line' means all equations are consistent
(at least one Set of (3,4 ,2) that satisfies all equations simu(taneously) -
subbing this into @ to qet g
I.S+(-)Y+0=4q
=)q:0.5= ’/z

(i) METHOD I: finding tw different coordinates that lie on the line of
intersection and finding the vector equation through them
eq. ctd. from part (A(i) , have
3x +2j =3q-1|
3x+2y SQ+2
but subbing int0 any of Or ,e9.
Ix+29=2.5
if uelet )

3)2:’: 2.5
22" 22

=)f:-subbin3 into any ©,0,® eg. ®
2(0) + -r=2
=)"

_ 0 0
~.one coordinate (S .25 ) or(f/ )
how (et

=) 3x=2.%
=) <3

X= 5/6
sub into any of ©,0,0 eg.®
2(566) +0 - (2)=2

=) $.3:2
3 2
=)

~second coordinate is( )

nou given the 2 coordinates,can Work out the vector parametric
equakion threugh them _iq the form a+?b

need ‘b' =AB= ( ) - (_S?;:‘)

< (%)
‘/nl.'




and any ‘a’ (A or )

.. A or .. -
(9 e TSt /4
o)) e
3y *ha -y ha
NOTE :can do the Same (i.e make X=0,then y=0) for all the =~ and s of
and to qet the two coordingtes
METHOD 2: {"‘Ji"‘! tofitl in the general Cariesian equation for vector line :
ctd.from part (¢)(i) A= XE gl
realise how with , ~ becomes:
3.)(1-2\1 = 5-/2
x x2
6x +4y=5
rearrange $or
=$-6x
-"-.'q:’ =4
now ue uant a similar expression for ‘' in terms of x': elim. %y
eq-9-0 2x+y-2:2
X +JL} =q
X-23:2-9
S\Abbf'\ﬂ in
X-22= 3/2
%2 x2
2x-Y2:=3
make "3 the subject
Y42=2x-3
Yy £y

as ‘y' and ‘2! are expressed in terms of x'-
we can uiite the vector line parametrically
e let >c=2
§-60)
l.'
22 =%
l.'.

and. rearranqing both —how for )




DO NOT WRITE IN-THIS AREA

DO NOTWRITE INTHIS'AREA

Question 6 continued

'-I\J = §-6) Yz =22-3
69 = S_-'-lj =) 2a=4243 Sub\oinﬂ into Cartesian equation
<6 <6 <2 =2
PR N= hee3
6 2

X= s-l'l‘j:'-t}+3=m

— T O

6 2
=) x=‘.73;\JJ.§: 224.%. :)\
realising m: s,-,?,e rx! rgh 12t terms (3% ,42)
X-0 -~y 6 _ 23430 _
| -2/y 2

0L Sy,

~3/2 '/

numerator os'/

= denominator = ( )

(bl

(Total for Question 6 is 14 marks)
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23

Turn over



Year 1 Volumes of revolution about the y-axis - modelling with volumes of revolution

=V

Figure 1

A student wants to make plastic chess pieces using a 3D printer. Figure 1 shows the
central vertical cross-section of the student’s design for one chess piece. The plastic
chess piece is formed by rotating the region bounded by the y-axis, the x-axis, the line
with equation x = 1, the curve C| and the curve C, through 360° about the y-axis.

The point 4 has coordinates (1, 0.5) and the point B has coordinates (0.5, 2.5) where the
units are centimetres.

The curve C,| is modelled by the equation

a

x:y+b 05<y<25
(a) Determine the value of @ and the value of b according to the model.
(2)
The curve C, is modelled to be an arc of the circle with centre (0, 3).
(b) Use calculus to determine the volume of plastic required to make the chess piece
according to the model.
)
(a) recognising that point A lies on C, and point B lies on C,

these in turn to gef ‘a' and ‘b"

A:(10.5) 8(0.5,2.5)
. .
“05th 05 = s+b
z)0.S+b=a 0.5(2.5 +b) =a
) a-b=0.5 -0 expand brackets
.25 +0.5b=a

=)a-0.5b =1.29 -©

P 6 2 6 7 1 A 0 2 4 2 8
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solving these simulfanewslj -
Question 7 continued or

-0 6.§b:0.75

0.  F0.§
b=1.5| = cub this into any of Ooro +0f ‘a’
asz 0.5+
= A=72

(b) key bit is realising that this (s a modeuinj urth volumes of revolution
question uhere to determine the volume of the plastic required to make
the uhole chesspiece uould require us to add toqether

('":
V?

1? Vchess piec-'; Vl t V’)_ t V3
v

Figure 1 % .
- ... first: V, -
remembering tormula for volume of revolution about the y-axis:

B K}
“Jo& X dy
z-S [‘2\\

V= T - ({’T',,,.s..)zdv

fac’conse {ke 4 out
|

-L} s (;, 5)? dj ,:de: laws = "‘ﬂ'f (5*,5, dj

(nteqrate
ba [ -(y+1.5)"]

tefloen L]
"Irr("—+ z) ua(g) = em®

25



Question 7 continued

..next: V,-requires us to find the volume of revolution
of an -{lmdmg itS Cartesian equation -generally

(x-a)*+(y-b)" =r

J(0.5-0)*+(2.5-3)?

= J(0.51*+(-0.5)*
= Ji/z_

and now working out the volume of revoluhon of the
Cartesion equation -sub it into ng x’d:,

_"L.S'( Jdg j «s3+Z
integrate

= ! 3 0

=n[0.54-31(4-3) ],.

=08 0.5 -4 (x3)?] - [wl0512.) -5 (2.5-3))

(2 _B\_ 2
B 'T( Y ﬁ.) n( 2‘1)
- q"'&)_}—'n
X ( 6 /) v
Yy
...fihallj-. V3 -see straight lines jusfng volume of ¢ylinder = nrth
a(1)*(0.5)
= QCMS
2
2 =m+ Stilg + 2
2y

-rr(|+s+qﬁ.,,|) (ul'«hﬁ.) m 3
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Question 7 continued
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(Total for Question 7 is 11 marks)
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